
433

JOURNAL OF AIRCRAFT

Vol. 34, No. 3, May – June 1997

Modal-Based Structural Optimization with Static
Aeroelastic and Stress Constraints

M. Karpel* and B. Moulin†
Technion— Israel Institute of Technology, Haifa 32000, Israel

and
M. H. Love‡

Lockheed Martin Corporation, Fort Worth, Texas 76101

The modal-based aeroelastic optimization approach is reformulated and extended such that it can deal
with more structural analysis and optimization features. The disciplines treated in this paper are statics
under � xed loads and static aeroelasticity of free – free aircraft. The new formulation includes the appli-
cation of stress constraints under � xed and varied external loads, and the effects of inertial changes on
aeroelastic trim. It also facilitates the integration of the modal-based option in common � nite element
structural optimization schemes. The new scheme is applied to realistic design cases using the multidis-
ciplinary automated structural optimization system ASTROS code. Application cases of 3761 and 26,259
degrees of freedom exhibit CPU time reduction factors of 4 – 122 in comparison with the conventional
discrete approach.

Introduction

T HE increasing interest in recent years in multidisciplinary
design optimization led to the development of several in-

tegrated structural optimization schemes for aerospace struc-
tures.1– 5 While the dynamic response and stability features are
treated in these schemes by the modal approach,6 the static
aeroelastic and stress disciplines are treated by the discrete
approach. The application of these design schemes with � nite
element models of modern � ight vehicles, which may include
tens of thousands degrees of freedom (DOFs), may be very
inef� cient or even totally impractical.

The desire for more ef� cient procedures motivated the de-
velopment of a reduced-size optimization scheme where cal-
culations of all of the static and dynamic disciplines are based
on the modal approach. A single set of low-frequency vibration
modes of a baseline structure serves as generalized coordi-
nates. The stability and response parameters of the structure
and their sensitivity to changes in the design variables are cal-
culated with respect to these coordinates. The modal approach
is especially attractive in multidisciplinary cases where the ex-
citation loads are affected by the structural response, such as
in aeroelastic and control-augmented systems. In these repet-
itive cases, the computation time heavily depends on the num-
ber of structural DOFs, which can be reduced with the modal
approach by several orders of magnitude.

The applications of modal coordinates for calculating static
aeroelastic effectiveness parameters7,8 and external loads,9 and
their derivatives with respect to design variables, were shown
in Refs. 7 and 8 to be very ef� cient and accurate. Modal-based
multidisciplinary optimization with aeroelastic effectiveness,
� utter, and control stability margins was presented in Ref. 10.
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The modal approach was extended in Ref. 11 to deal with
static optimization disciplines with stress constraints. Appli-
cations to an 800-DOF model of a transport aircraft with a
high-aspect-ratio wing showed excellent results for pull-up
maneuver cases analyzed with 20 – 40 baseline modes.

The main reason for not using the modal approach in stress
analysis is that it might yield erroneous results in cases of
concentrated loads and in cases of large local structural
changes. Recent developments of the modal approach facili-
tated the application of practical techniques to overcome these
dif� culties with minimal impact on the ef� ciency of the modal
approach. Fictitious masses,12 which are added to the structure
when the baseline modal coordinates are de� ned, can be used
to deal with local excitation13 and with large local stiffness
changes.14 Modal perturbations11 can be used to yield high-
accuracy stresses in modal-based structural optimization. The
method of Ref. 11 was applied in a simple aeroelastic opti-
mization scheme that did not address all of the options and
capabilities needed for advanced industrial applications.

The purposes of the work presented in this paper were the
modi� cation and extension of the modal-based formulation
such that it can deal with more general analysis and optimi-
zation cases, its application in the automated structural opti-
mization system (ASTROS),2 and its demonstration with re-
alistic design cases.

Generalized Structural Matrices
The structural stiffness and mass matrices in common � nite

element codes are � rst assembled with respect to all of the
structural discrete DOFs. The application of single and mul-
tipoint constraints eliminates the dependent coordinates and
generates the free-coordinate matrices [Kf f] and [Mf f]. A fur-
ther common optional reduction of the number of DOFs is
Guyan’s static condensation method.15 The resulting stiffness
and mass matrices, [Kaa] and [Maa], are used in the basic struc-
tural equilibrium analysis. The formulation shown later in this
paper assumes that if static condensation is applied, it involves
only structural parts that are not changed in the optimization
process.

The gauges of selected elements of the model serve as de-
sign variables in the optimization process. A global design var-
iable is a changeable factor that multiplies the stiffness and
mass matrices of a user-de� ned group of � nite elements. To
accommodate changes in the ndv global design variables, the
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matrices are assembled in the design loop by adding the con-
tribution of the design changes to the contribution of the base-
line (initial) model. It is assumed in this paper that the struc-
tural matrices are linear with respect to the design variables,
namely

ndv
­[K ]aa

[K ] = [K ] 1 (v 2 v ) (1)aa aa b i bO i ­vii=1

ndv
­[M ]aa

[M ] = [M ] 1 (v 2 v ) (2)aa aa b i bO i ­vii=1

where vi is the current value of the ith design variable and the
subscript b relates to the baseline structure. The assumption of
linearity in Eqs. (1) and (2) simpli� es the subsequent formu-
lation, but is not vital. Additional terms, such as cubic terms
for out-of-plane bending of plates and noninteger powers of vi

for bar elements,16 can be handled in a similar manner.
The regular discrete approach assembles the global matrices

and reduces them to the analysis set in each optimization it-
eration. The modal approach does it only once, for the baseline
design. The analysis matrices [Kaa]b and [Maa]b are used to
calculate a set of low-frequency vibration modes [fa], with nr

rigid-body modes and ne elastic ones, which serve as gener-
alized coordinates in subsequent analyses. For consistency
with the regular ASTROS formulation, the rigid-body modes
[far] are replaced by rigid translations and rotations with re-
spect to user-de� ned reference grid point

f̄ Dlr¯[f ] [ = (3)ar F G F Gf̄ Irr

where [D] is a rigid-body transformation matrix. The resulting
rigid-body mass matrix is a full matrix:

T¯ ¯[M ] = [f ] [M ] [f ] (4)rr b ar aa b ar

Because of mode orthogonality, the baseline mass coupling
[Mer]b between the rigid-body and elastic modes equals zero.
The stiffness associated with the rigid-body modes is zero. The
baseline generalized stiffness matrix associated with the elastic
modes is a positive– de� nite diagonal matrix:

T[K ] = [f ] [K ] [f ] (5)ee b ae aa b ae

The basic assumption of the modal approach in structural
optimization is that the structural displacements (static or dy-
namic) in response to external excitation can be adequately
expressed as a linear combination of the baseline modes

¯{u } = [f ]{j } 1 [f ]{j } (6)a ar r ae e

where {ua} is the analysis-set structural displacement vector,
and {jr} and {je} are vectors of rigid and elastic generalized
(modal) displacements, respectively.

The pre- and postmultiplication of Eqs. (1) and (2) by the
mode-shape matrices yield expressions for the updated gen-
eralized stiffness and mass matrices

ndv
­[K ]ee

[K ] = [K ] 1 (v 2 v ) (7)ee ee b i bO i ­vii=1

ndv
­M M Mrr rr rr= 1 (v 2 v ) (8)i bF G F G O F GiM 0 M­ver erii=1b

where the contributions of the global design variables to the
generalized stiffness and mass matrices are

­[K ] ­[K ]ee aaT= [f ] [f ] (9)ae ae
­v ­vi i

­ ­[M ]M aarr T¯ ¯= [f f ] [f ] (10)gr ae arF GM­v ­veri i

These matrices are calculated for the baseline structure and
stored in the database before the optimization starts.

Static Analysis Under Fixed Loads
The modal formulation of Ref. 11 was developed for the

consideration of stress constraints in aeroelastic optimization.
To facilitate the integration of the modal approach in common
structural analysis and design schemes the formulation is � rst
modi� ed to deal with � xed external loads, when the net loads
(the sum of external and inertial loads) are changed when the
structure is free, because of changeable inertia relief effects.
The full aeroelastic problem is discussed in the subsequent
sections. We also make the procedure more general by sepa-
rating the analysis of the baseline structure and that of the
modi� ed structure.

The equilibrium equation for discrete-coordinate static anal-
ysis of a free – free structure is

[K ]{u } 1 [M ]{ü } = {P } (11)aa a aa a a

where {Pa} is the vector of � xed external loads. The substi-
tution of the modal assumption, Eq. (6), and the premultipli-
cation [ fae]

T yieldsf̄ar

T¯0 M frr ar¨{j } 1 {j } = {P } (12)e r aTF G F G F GK M fee er ae

where the effects of { } are neglected. The � rst row in Eq.j̈e

(12) can be solved for the rigid-body accelerations

21 T¨ ¯{j } = [M ] [f ] {P } (13)r rr ar a

The second row of Eq. (12) can then be solved for the elastic
modal deformations

21 T ¨{j } = [K ] ([f ] {P } 2 [M ]{j }) (14)e ee ae a er r

Equation (13) vanishes, of course, when the structure is
clamped in all directions such that {jr} is empty. The second
term of Eq. (14) re� ects only secondary inertia relief effects
in the free – free case. The primary effects are applied implic-
itly because the elastic modes are orthogonal to the rigid-body
ones, with respect to the baseline mass matrix.

Response of Baseline Structure

The baseline structural displacements can be recovered from
{je} by the elastic part of Eq. (6). However, for consistency
with the static analysis part of ASTROS, the elastic modes are
shifted by rigid-body displacements such that the displace-
ments at the reference point are {ur} = 0. The other displace-
ments, which form the l partition of {ua}, become

¯{u } = [f ]{j } (15)l b le e b

where

¯[f ] = [f ] 2 [D][f ]le le re
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where [fre] and [fle] are the r and l row partitions of [fae].
The displacements of Eq. (15) can be used to calculate element
stresses for the baseline structure.

Response of Modi� ed Structure

The relatively simple examples of Ref. 11 demonstrated an
excellent agreement between the baseline stresses calculated
by the modal-approach displacements, Eq. (15), and those of
the discrete approach. However, when the baseline modes were
used to calculate stresses of the modi� ed structure, additional
information was required.

The displacement vector for stress analysis of the modi� ed
structure is composed by

{u } = {u } 1 {Du} (16)l l 0

where {ul}0 is the elastic displacement of the baseline structure
under the modi� ed net loads, and {Du} is the change of the
displacements because of the change in stiffness. While the
� rst term in Eq. (16) can still be calculated by the regular
modal approach of Eq. (15), with {je}b replaced by the hy-
pothetical {je}0, the second term requires modal perturbations.

Unlike for stresses in the modi� ed structure, net loads can
be adequately based on the mode-displacement assumption.11

It should be noted that, even though the external loads are
� xed in this section, the net loads change with the mass of the
design variables. With the modal approximation of Eq. (6), the
modi� ed net-load vector is approximated by

{F } = [K ][f ]{j } (17)a aa ae e

Premultiplication by [fae]
T and application to the baseline

structure gives the equilibrium equation for the hypothetical
generalized displacements

[K ] {j } = [K ]{j } (18)ee b e 0 ee e

The extraction of {je}0 and its substitution in for {je}b in Eq.
(15), using Eq. (7) for [Kee], yields

ndv
­[K ]ee21¯{u } = [f ] [I ] 1 (v 2 v )[K ] {j } (19)l 0 le i b ee b eS O Di ­vii=1

The second term in Eq. (16) represents the displacement
changes because of forces applied by the added material on
the baseline structure. Because of the local nature of these
internal loads, this term cannot be adequately based on the
regular modal assumption.11 To avoid the costly reconstruction
and solution of the full � nite element equilibrium equation in
each optimization step, {Du} is approximated by

ndv

{Du} = (v 2 v )[f ] {j } (20)i b Fl i eFO Gi
i=1

where [fFl]i are modal perturbation matrices that re� ect local
deformations that are added to database modes because of unit
change of the ith design variable. These perturbations are
based on static response modes calculated for the baseline
structure before the optimization starts by solving the discrete-
coordinate equation

¯[K ] [f ] = [F ] (21)ll b Fl i l i

where [Kll]b is the baseline [Kaa] after eliminations of the rows
and columns associated with the reference r degrees of free-
dom, and [F̄l]i is the l row partition of

­[K ]aa¯[F ] = 2 [f ] (22)a i ae
­vi

Equations (16), (19), and (20) yield

{u } = [f ]{j } (23)l S e

where

ndv

¯[f ] = [f ] 1 (v 2 v )[f ]S le i b Tl iO i
i=1

where the modi� ed perturbation matrices

­[K ]ee21¯[f ] = [f ] 1 [f ][K ] (24)Tl i Fl i le ee b
­vi

are stored in the database for repeated analysis and sensitivity
calculations. The calculation of stress and strain constraints
from {ul} of Eq. (23) is identical to that of the discrete ap-
proach.

It can be observed that, with vi = , {ul} of Eq. (23) isvbi

equal to {ul}b of Eq. (15), which shows that the modal per-
turbations are not used for stress and strain analysis of the
baseline structure. However, their effect on stress and strain
sensitivities starts in the baseline structure.

Sensitivity Analysis with Fixed Loads
The equilibrium modal displacements {je} and rigid-body

accelerations { } (when the structure is free), are used to cal-j̈r

culate the sensitivity of the structural displacements to changes
in the design variables vi. The differentiation of Eq. (13) with
respect to vi yields

¨­{j } ­[M ]r rr2 1 ¨= 2[M ] {j } (25)rr r
­v ­vi i

The differentiation of Eq. (14) yields

¨­{j } ­[K ] ­[M ] ­{j }e ee er r21 ¨= 2[K ] {j } 1 {j } 1 [M ]ee e r erS D­v ­v ­v ­vi i i i

(26)

The differentiation of Eq. (23) gives

­{u } ­{j }l e
= [f ] {j } 1 [f ] (27)Tl i e S

­v ­vi i

which merges with ­{ur}/­vi = 0 to form ­{ua}/­vi. The sub-
sequent calculation of stress and strain sensitivities is straight-
forward and identical to that of the discrete approach. As will
be discussed in the numerical example section, the computa-
tional savings of the modal approach in structural optimization
under � xed loads are small compared to the savings in static
aeroelastic cases, which are based on the same database of
modes and modal perturbations.

Static Aeroelastic Analysis
Common aeroelastic analysis and design codes such as

MSC/NASTRAN 3 and ASTROS16 start the aerodynamic part
by de� ning a linear aerodynamic panel model for which a
steady aerodynamic in� uence coef� cient matrix and a unit
aerodynamic force matrix (because of aerodynamic parameters
such as unit angle of attack, pitch rate, or control surface de-
� ection) are generated. Spline interpolation matrices are then
used to transform the aerodynamic matrices to the structural
grid. The modal approach of this paper uses the baseline
modes [ ] and [fae] to transform these matrices to general-f̄ar

ized coordinates. The resulting generalized aerodynamic ma-
trices are independent of the design variables.
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The static aeroelastic equilibrium equation in generalized
coordinates is

2qA 2qA j M Prr re r rr rd¨1 {j } = {d} (28)rF G H J F G F G2qA K 2 qA j M Per ee ee e er ed

where the effects of { } are neglected, q is the dynamic pres-j̈e

sure, and {d} is the vector of trim variables. Another equation
is de� ned by the requirement of orthogonality between the
displacement vector {ua} and the rigid-body modes

T¯[f ] [M ]{u } = {0} (29)ar aa a

The substitution of {ua} from Eq. (6) yields

2 1 T{j } = 2[M ] [M ] {j } (30)r rr er e

which equals zero for the baseline structure, when [Mer] = 0.
The substitution of Eq. (30) in the second row of Eq. (28)
gives

2 1 ¨¯{j } = [K ] ([P ]{d} 2 [M ]{j }) (31)e ee ed er r

where

21 T¯[K ] = [K ] 2 q[A ] 1 q[A ][M ] [M ]ee ee ee er rr er

The substitution of Eq. (31) in the � rst row of Eq. (28) gives

¨¯ ¯[M ]{j } = [P ]{d} (32)rr r rd

where

21¯ ¯ ¯[M ] = [M ] 1 q[A ][K ] [M ]rr rr re ee er

21¯ ¯ ¯[P ] = [P ] 1 q[A ][K ] [P ]rd rd re ee ed

where

2 1 T¯[A ] = [A ] 2 [A ][M ] [M ]re re rr rr er

Equation (32) is the basic equation for static aeroelastic
analysis. The user de� nes all of the variables in { } and {d},j̈r

except for nr free variables that are solved for by Eq. (32).
The trim vectors are then used to calculate the modal de� ec-
tions {je} by Eq. (31) and {jr} by Eq. (30). The discrete elastic
de� ections for stress analysis can now be calculated with Eq.
(23), using the same modal perturbations as in the � xed-loads
case. Another option is to use Eq. (6) for calculating the struc-
tural displacements without modal-perturbation effects, use the
aerodynamic matrices described at the beginning of this sec-
tion to calculate aerodynamic loads, and then resort to the reg-
ular discrete-coordinate stress analysis.

When Eq. (32) is applied to the baseline model, [Mer] = 0
and [M̄rr] = [Mrr]. The terms of [P̄rd] in this case are the � exible
aerodynamic forces and moments per unit aerodynamic param-
eters, whereas those of [Prd] of Eq. (28) are the rigid ones. In
the more general case, when the model is modi� ed, we can
rewrite Eq. (32) as

¨ ˜[M ]{j } = [P ]{d} (33)rr r rd

where

2 1˜ ¯ ¯[P ] = [M ][M ] [P ]rd rr rr rd

The � ex-to-rigid ratios between terms in [ ] and [Prd] de� neP̃rd

the aeroelastic effectiveness parameters which can be used as
optimization constraints:

˜« = P /P (34)jk rd rdjk jk

Static Aeroelastic Sensitivity Analysis
The differentiation of Eq. (28) with respect to the design

variable vi can be written as

¨­ ­{j }2qA 2qA j M rrr re r rr1F G H J F G2qA K 2 qA j M­v ­ver ee ee e eri i

­{d} ­P 0 M jrd rr e= 2 (35)F G F G H J¨P K M j­v ­ved ee er ri i

The differentiation of Eq. (30) yields

T­{j } ­[M ] ­[M ] ­{j }r rr er e21 T= 2[M ] {j } 1 {j } 1 [M ]rr r e erS D­v ­v ­v ­vi i i i

(36)

Equations (35) and (36) combine for the trim sensitivity
equation

¨­{j } ­{d}r¯ ¯ ¯[M ] = [P ] 1 {DP } (37)rr rd r i
­v ­vi i

where [M̄rr] and [P̄rd] are de� ned in Eq. (32) and

2 1 21¯ ¯ ¯{DP } = 2q(q[A ][K ] [A ] 1 [A ])[M ]r i re ee er rr rr

T­[M ] ­[M ] ­[M ]rr er rr ¨3 {j } 1 {j } 2 {j }r e rS D­v ­v ­vi i i

­[GK ] ­[M ]ee er2 1 ¨¯2 q[A ][K ] {j } 1 {j }re ee e rS D­v ­vi i

(38)

The truncation of all the columns in [M̄rr] and [P̄rd] in Eq. (37)
that are associated with the � xed trim variables yields an equa-
tion for the nr derivatives of the free variables. Once these are
calculated, the derivatives of {jr} are calculated by Eq. (36)
and the derivatives of {je} by the second row of Eq. (35). The
expression for the derivatives of the displacements for stress
and strain analyses is identical to that of the � xed-load case,
Eq. (27).

The sensitivity of the aeroelastic effectiveness parameters of
Eq. (34) are based on the differentiation of [ ] of Eq. (33),P̃rd

which yields

˜­[P ] ­[M ]rd rr 2 1¯ ¯= [a ] 1 [M ][M ] [DP ] (39)r rr rr r i
­v ­vi i

where

2 1¯ ¯[a ] = [M ] [P ]r rr rd

and [DP̄r]i is calculated by Eq. (38) with { } replaced by [ar],j̈r

{je} replaced by

2 1¯[X ] = [K ] ([P ] 2 [M ][a ]) (40)e ee e er r

and {jr} replaced by

2 1 T[X ] = 2[M ] [M ] [X ] (41)r rr er e
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Fig. 3 Weight of the designed skin along the optimization paths.

Fig. 4 Typical thickness values along the optimization paths.

Fig. 2 AFA structural optimization zones.

Fig. 1 AFA USSAERO model.

Numerical Examples
The purpose of the numerical examples is to demonstrate

the accuracy and ef� ciency of the modal approach, as utilized
by modifying the static parts of ASTROS, in comparison with
the discrete approach of ASTROS16 Version 11.0. Two exam-
ples are given, optimization for minimum weight under stress
constraints of a maneuvering generic � ghter aircraft with 3761
DOFs, and aeroelastic trim and effectiveness analysis of an
actual � ghter aircraft with 26,259 DOFs.

The � rst example is based on a generic advanced � ghter
aluminum (AFA) model. A top view of the USSAERO16 aero-
dynamic model is given in Fig. 1. The structural model con-
sists of 1276 grid points and 4449 elements, and has 3761 free
DOFs. A top view of the skin elements in the wing structural
model is shown in Fig. 2. The wing box is divided into 13
zones. The thickness values of the upper and lower skin ele-
ments in each zone are multiplied in the optimization process
by a common factor, for a total of 26 global design variables.
The inner structure of the wing, as well as the structure of the
rest of the aircraft, are not subjected to changes.

A single case with symmetric boundary conditions is opti-
mized for a minimum weight of the wing – box skin. Stress
constraints are applied for a single symmetric 9g pull-up ma-
neuver where the loads are based on aeroelastic trim. The mo-
dal optimization was performed with 45 low-frequency elastic
modes taken into account. The von Mises stresses si of the
wing – box skin elements are constrained to less than slimit =
36,700 psi. The initial weight of the designed skin is 679 lb.
The variation of this weight along the optimization path, for

discrete and modal optimization cases, is given in Fig. 3. The
initial skin is obviously overdesigned. The discrete optimiza-
tion process reduces the weight to 526 lb in four iterations.
The modal-based process converged after three iterations in
this case to a 512-lb design, which implies that the modal-
based weight reduction was about 10% more than that of the
discrete reduction. A second modal optimization run, which
started with the creation of a new database for the � nal model
of the � rst modal run, converged in two steps to a 528-lb
model. Similar trends are shown in Fig. 4, which compares
the variations of typical skin thickness values along the opti-
mization paths.

The wing stress � eld along the span of the second row of
elements across zones 2, 5, and 8 of Fig. 2 is shown in Fig. 5
for various stages of the optimization runs. The dashed line
gives the baseline von Mises stresses, calculated by the stan-
dard discrete approach. The calculation of these stresses with
the modal approach gave practically identical results (not
shown). The full line gives the stress � eld after the four-step
discrete optimization. The stress � eld at the end of the � rst
(three-step) modal optimization run, based on the baseline
modes, is given by the circles. These stresses are in good
agreement with those of the discrete optimization (full line).
The last case shown in Fig. 5 is the stress � eld at the end of
the � rst optimization, as calculated with the modes of the up-
dated model (which is the baseline for the second modal op-
timization run). These stresses are different than those calcu-
lated before the mode update (circles) by up to 7.5% over the
entire wing. The stresses in the � nal analysis at the end of the
second modal optimization run (not shown) are practically
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Fig. 5 AFA wing stress � eld.

Fig. 6 Aerodynamic coef� cients and trim variables for the base-
line structure vs number of baseline modes.

Fig. 7 Aerodynamic coef� cients and trim variables for a modi-
� ed structure vs number of baseline modes.

Fig. 8 Root-mean-square wing – box stress errors vs number of
baseline modes.

identical to those at the end of the discrete optimization pro-
cess (full line).

When applied to a baseline structure, the modal approach
was always in almost perfect agreement with the discrete ap-
proach, in this particular example, for stress and trim param-
eters and their sensitivities. Changes of about 10% in the de-
sign variables without updating the modes lead to modal errors
of up to 2% in high stresses and less than 1% in trim variables.
The maximum errors grew to 5 and 2%, respectively, with
design changes of about 20%, and to 10 and 4% with design
changes of 30%. These errors, and the computational ef� -
ciency considerations given later in this paper, can be used as
guidelines for choosing optimization methodology and design
move limits.

To demonstrate the effects of the number of elastic modes
taken into account, the � rst three-step modal optimization run
was repeated with the number of elastic modes taken into ac-
count varying from 1 to 48. The convergence plots of the trim
angle of attack a and elevator de� ection d, and the lift and
moment coef� cients and , are shown in Fig. 6 for theC CL Ma a

baseline structure and in Fig. 7 for the � nal one. The respective
discrete-analysis coef� cients are also shown for comparison in
dashed lines. It can be observed that excellent results are ob-
tained in both cases with about 25 modes of the baseline struc-
ture. Even with the considerable structural changes, when the
weight of the wing – box skin is reduced by 25% (from 679 to
521 lb), the accuracy with any number of modes (Fig. 7) is
similar to that of the baseline structure (Fig. 6).

An overall measure for the stress accuracy in the modal
approach is the rms value of the differences between the
wing – box modal si and the respective discrete stresses, di-
vided by slimit. The variations of this measure with the number
of elastic modes taken into account are shown in Fig. 8 for
the baseline design and for the � nal design of the � rst opti-
mization. The rms errors are converged to about 1.2% in the
baseline case and 4.7% in the modi� ed case. It can be deduced
from Figs. 6 – 8 that local stress considerations require more
modes than aeroelastic effectiveness and loads considerations,
which are of an integrative nature. It can be also deduced that
the differences between the modal and discrete values in Figs.
3 – 5 are mainly caused by modal stress errors.

The computations in this work were performed on a Silicon
Graphics Indigo 2, R4400 workstation. A comparison between
CPU time for various analysis and design modules with the
discrete and modal applications of the � rst example is given
in Table 1. In addition to the full aeroelastic analysis and op-
timization cases, the table shows also CPU time for aeroelastic
trim and effectiveness only, and for stress under � xed loads.
The � rst part of the table gives the CPU time for constructing
the basic structural and aerodynamic matrices, which is the
same for all the cases. This part is not repeated in the opti-
mization. The second part of the table compares CPU times
for analysis cases. A major dif� culty in the application of the
modal approach in the current version of ASTROS is its very
inef� cient normal mode analysis scheme. The ASTROS com-
putation of the 45 modes took 908.1 s. The computation of the
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Table 1 Comparison of CPU seconds for
various analysis and optimization modules,

3761 DOF model

Module Discrete Modal

Global matrices 50.4 50.4
Steady aero 232.0 232.0
Analysis

Trim and effectiveness 341.5 141.5a

Full aeroelastic 347.9 148.0a

Stress with � xed loads 69.6 140.2a

Database
Trim and effectiveness —— 15.7
Full aeroelastic —— 238.5
Stress with � xed loads —— 238.1

Per iteration
Trim and effectiveness 386.9 4.9
Full aeroelastic 395.6 23.7
Stress with � xed loads 80.8 19.8

a
If modes calculated with Lanczos eigensolution.

Table 2 Comparison of CPU seconds for
various analysis modules, 26,259 DOF model

Module Discrete Modal

Preface
Global matrices 719.1 719.1
Steady aero 9.7 9.7

Model size reduction
MPC and SPC reductions 3740.0 3740.0
Static condensation —— 1630.4
Normal modes —— 21.5

Analysis
Trim and effectiveness 8274.4 67.5

Total 12743.2 6188.2

same modes with MSC/NASTRAN, using the Lanczos
method, took only 64.5 s. The table re� ects ASTROS actual
CPU times, minus the 834.6-s difference between the two ei-
genvalue methods. The CPU times for the two aeroelastic mo-
dal analysis cases in the table are almost 60% less than those
of the discrete approach. It is, however, twice that of the dis-
crete approach in static analysis with � xed loads (performed
in separate runs with the loads computed in a previous aero-
elastic analysis).

The third part of Table 1 gives the CPU time required for
completing the database for the modal optimization cases.
While the additional time for aeroelastic trim and effectiveness
is relatively small, the time required for the calculation of the
modal perturbations needed for stress considerations is much
larger. The main advantage of the modal approach is the run
time per iteration once the database is constructed, shown in
the fourth part of Table 1. The iteration speed-up factors in
this example were 80 for optimization with aeroelastic effec-
tiveness constraints only, 17 in full aeroelastic optimization,
and four for the case of static stresses with � xed loads.

The combined accuracy and ef� ciency considerations show
that the modal approach is considerably more effective in
aeroelastic trim and effectiveness cases. One can choose to
perform the optimization run of this numerical example with
the modal approach for calculating the loads and their deriv-
atives, and then resort to the discrete approach for stress con-
siderations. As can be deduced from Table 1, this would take
about 150 s for analysis, an additional 16 seconds to complete
the modal database, and about 86 s for each iteration. While
this combination seems to be preferable in our case, the
modal – perturbation approach may be more effective when
many optimization trials are to be performed with the same
database.

The second example is an analysis case that indicates the
potential of the modal approach in multidisciplinary design
with large-size models. A static aeroelastic analysis compari-
son was performed for an actual advanced-design internal
loads model of a � ghter aircraft. The model consisted of
38,328 structural elements comprising built-up fuselage, wing,
and tail components. The model was reduced to 26,259 free
DOFs after application of single- and multipoint constraints.
The aerodynamic model was a � at panel representation of the
con� guration in similar nature to that of Ref. 17 and consisted
of 400 elements all splined to the structure in conventional
ASTROS manner. The modal – approach analysis was per-
formed with the � rst 40 symmetric normal modes. Static con-
densation was used to alleviate the computational cost asso-
ciated with calculating normal modes of large models in
ASTROS.

Table 2 exhibits the timing characteristics for a steady aero-
elastic 9g symmetrical pull-up condition run for discrete and

modal approaches. The table is divided into three blocks. The
preface block is performed once and is not repeated in sub-
sequent design iterations. The CPU time for steady aerody-
namics in this block is just for importing the coef� cient ma-
trices calculated in a previous run. The size-reduction block is
repeated in each subsequent discrete design iteration, but not
in modal-based iterations. The analysis block is to be repeated
in each iteration in both cases. The immediate comparison to
be noted is that the modal approach provided a speed-up of
122 over the discrete approach for the static aeroelastic trim
and effectiveness module. This bene� t is simply derived from
the use of 40 modes, i.e., DOFs, for the modal approach instead
of solving the full discrete problem. The largest amount of time
in the size-reduction block involved matrix reduction for multi-
point constraints. Additional considerable CPU time was used
by the modal approach to reduce the model size before modes
are calculated. The larger CPU time in model reduction for the
modal approach is not an important disadvantage because this
block is not repeated in modal-based design.

While detailed results of the analyses cannot be presented
in this paper, a few comments are made. The accuracy, as
shown and discussed in this paper and previous papers, is de-
pendent on the number of modes as well as the derivation of
modes.12 In this case, the trimmed angle of attack was within
0.03% of the discrete value, and the pitch trim control surface
was within 1.10%. All of the stability coef� cient values were
within 3% of the discrete values.

Optimization of structure with a model of this size is pro-
hibitive with discrete analyses in the current computational
environment. However, large bene� ts of multidisciplinary de-
sign optimization involve rapid derivation of internal loads
models representative of structural and subsystem layouts. The
results from this application indicate that the modal approach
to multidisciplinary design will allow the use of large internal
loads models in design optimization studies.

Conclusions
The modal-based static aeroelastic optimization scheme was

reformulated and extended to deal with more analysis and de-
sign options. The new formulation facilitates a convenient in-
tegration of modal-based optimization into discrete-coordinate
design schemes such as ASTROS. The method extensions in-
clude a new treatment of stresses under � xed and varying
loads, and effects of mass changes on aeroelastic trim. The
numerical applications to medium and large structural models
demonstrated the great potential of the new scheme. The total
CPU time required for modal analysis and the construction of
a database for modal-based optimization was similar to that
required for a single discrete analysis. Subsequent design it-
erations were 17 – 80 times faster than discrete iterations in
aeroelastic cases and four times faster in stress under � xed
loads cases. Analysis with a larger structure indicated even
greater potential savings in multidisciplinary optimization with
large-size models. Modal results were in excellent agreement
with the discrete ones for all of the analyzed cases. Compar-
isons were also good at the end of optimization cycles with
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considerable design changes. However, as the structure is be-
ing changed, the stress errors associated with the modal ap-
proach might grow beyond acceptable levels. Modal database
updates may be required when design variables are changed
by more than 10%. For an ef� cient application of the new
scheme, it is important to use an ef� cient eigensolution method
such as Lanczos.
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